We compute the axial quasi-normal modes of static neutron stars in scalar tensor theory. In particular, we employ various realistic equations of state including nuclear, hyperonic and hybrid matter. We investigate the fundamental curvature mode and compare the results with those of General Relativity. We find that the frequency of the modes and the damping time are reduced for the scalarized neutron stars. In addition, we confirm and extend the universal relations for quasi-normal modes known in General Relativity to this wide range of realistic equations of state for scalarized neutron stars and confirm the universality of the scaled frequency and damping time in terms of the scaled moment of inertia as well as compactness for neutron stars with and without scalarization.
Introduction
Neutron stars represent some of the most interesting objects in the universe. Their high compactness and density make these objects a valuable astronomical laboratory for studying gravity and testing General Relativity (GR) and alternative theories of gravity in the strong gravity regime. On the other hand, neutron stars consist of extremely dense matter that cannot be produced in ground based laboratories, resulting in our current poor understanding of the physics of matter at supranuclear densities.
Recent gravitational wave (GW) detections by the LIGO and VIRGO collaboration [1, 2, 3, 4, 5, 6, 7, 8] have provided us with an opportunity to test GR in the strong gravity regime as well as to constrain the equation of state (EOS) of high density matter. In particular, GWs from the binary neutron star merger GW170817 [5] , which was also observed by a γ-ray burst (GRB 170817A), have opened a new window in astrophysics, namely multimessenger astronomy, to study the properties of compact objects [8, 9] . In general, there are several possibilities for the remnant of such a binary neutron star merger. The remnant may either be a black hole, an unstable massive neutron star which eventually collapses to form a black hole, or a stable neutron star [6, 10] .
In order to shed more light on this question, one has to detect the GW radiation after the merger during the ringdown phase and identify the specific frequencies and damping times. However, in order to be able to observationally detect the ringdown frequencies and damping times of such events the next generation of GW detectors must be awaited. Yet it is essential to improve our theoretical understanding of the ringdown phase of these compact objects and make theoretical predictions that can be tested by future GW detections.
The radiation emitted in the collapse of a star and in the coalescence of binaries has a close relation to the quasi-normal modes (QNMs) of the final compact object [11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23] . QNMs are the natural oscillations of physical systems on astrophysical scales such as relativistic compact objects. By using the QNMs formalism, one can study the damped harmonic pulsations giving rise to GWs (see e.g. [24, 25, 26] ). Stellar oscillations coupled with GWs are usually damped out, since the waves carry away the pulsational energy of the star.
The QNM spectrum of an astrophysical object depends only on its properties. In the case of a neutron star, which contains matter, it is different and richer than in the case of a black hole. The particular frequencies and damping times of the ringdown depend on the composition of the matter inside the star (see e.g. [27, 28, 29] ). The eigenfrequencies of the modes of the system are obtained as complex numbers, where the real part represents the frequency of the oscillation, and the inverse of the imaginary part gives the damping time.
In the static case the perturbations of the spacetime can be classified in terms of axial (odd parity) and polar (even parity) modes. Whereas the polar perturbations couple to the fluid, the axial perturbations of the gravitational field do not couple to the density and pressure perturbations of the fluid. Thus they do not excite any fluid pulsations inside the star.
The polar modes of non-rotating compact stars include the fundamental f -mode together with the pressure pmodes, and the gravity g-modes, which are all present already in Newtonian stars [30] , and in addition the spacetime w-modes (GW modes), which are without analogue in Newtonian stars but can exist only in General Relativity (GR) [22] and its generalizations. These w-modes are characterized by high frequencies and rapid damping of the oscillations [22] .
In this paper, we focus on the axial modes of neutron stars. The axial modes do not possess an analogue in Newtonian theory, either. Representing a pure manifestation of the tensorial character of gravity the standard w-modes are curvature modes. As for black holes, the axial modes of neutron stars can be obtained from a single wave equation with an effective potential. Forming (presumably) an infinite tower of modes, their eigenfrequencies depend, however, on the EOS [24, 25] .
But QNMs can provide us not only with valuable information on the composition of neutron stars. They can also be utilized to learn about possible modifications of GR, as discussed, for instance, in recent reviews on generalized theories of gravity with an emphasis on testing the strong gravity regime with GWs [31, 32] . There are numerous ways for modifying gravity such as adding one or more scalar fields, tensor or vector fields, going to higher orders, etc. (see e.g. the reviews [33, 34] ). Besides in GR, axial QNMs have been studied in several alternative theories of gravity, such as tensor-vector-scalar theory [35] , Einstein-Gauss-Bonnet-dilaton theory [36] , Horndeski gravity [37] and recently f (R) gravity (quadratic gravity) [38] .
Although properties of neutron stars have mostly been studied in GR, it is certainly also of interest to study them in alternative theories of gravity [34] . For instance, neutron stars in scalar-tensor theory (STT) may feature besides the usual GR solutions nontrivial scalarized solutions that arise spontaneously [39, 40, 41] . This phenomenon called spontaneous scalarization was found by Damour and Esposito-Farese [42, 43] . Here under suitable conditions scalarized neutron stars will arise, since the scalar field nonlinearities may intensify the attractive nature of the scalar field interactions.
The physical properties of scalarized neutron stars may then deviate from the basic neutron star properties in GR, as shown in [42, 43, 44, 45, 46, 47, 48] for static and slowly rotating neutron stars. Doneva et al. [49, 50, 51, 52, 53, 54] have also studied rapidly rotating neutron stars in STT as well as scalarized neutron stars with a massive scalar field and found that the effect of scalarization becomes more enhanced. As a simple and natural extension of GR, we here consider STT by adding only a single massless scalar field as an additional mediator of the gravitational interaction. Scalar gravitational waves from relativistic stars in STT have been studied for the first time by Sotani [56] . The study has shown, that if such scalar GWs would exist, they might be quite weak and hard to detect by the current generation of GW detectors. It has also shown that the spontaneous scalarization could even be observed for radial oscillations. In addition, the merger of neutron stars in R 2 gravity has been studied recently in [55] , where it has been shown that during the ringdown phase the radial scalar mode can even dominate over the fundamental mode. All this indicates that, with the help of further observations of quantities such as the stellar mass or compactness, it could be possible to extract the imprint of the gravitational theory from the detection of the ringdown phase of a neutron star.
However the difficulty lies in the uncertainty of the composition of the star in its core. When constructing neutron star models, the specific choice of the EOS employed leads to distinct properties of the object, including the ringdown frequencies and damping times. Choosing the proper EOS and testing different proposed EOSs is a very active field in gravity and astrophysics, as well as in nuclear physics. Due to our lack of knowledge about the physical properties of matter at very high densities, there are a large number of proposed EOSs.
Nevertheless, it is possible to construct several universal relations for neutron stars, i.e., relations among properly scaled physical quantities that are to a large extent independent of the EOS. Deviations of these relations in alternative theories of gravity from GR let us, in principle, test the gravity theory as well as infer more information from the observational data (see e.g. the recent reviews [57, 58] ). Starting with the early work in [59, 60, 61, 62, 63, 64] a variety of universal relations for oscillation frequencies in GR have been found, covering a large range of realistic EOS [65, 66] . These could be exploited, for instance, once the frequency or damping time can be extracted from detected GWs, to find the mass, radius or moment of inertia of compact stars and thus infer their EOS.
In fact, there exist further universal relations, such as the "I-love-Q" relations [67] , between various parameters of neutron stars, which are known to hold approximately for most realistic matter models in GR [57, 58] . However, when alternative theories of gravity are considered, the corresponding universal relations may deviate from those of GR [67, 68, 36, 57, 58] . Therefore making use of potential deviations in universal relations together with further observations can, in principle, constrain alternative theories of gravity.
In this paper we present the spectrum of axial QNMs of static and spherically symmetric scalarized neutron stars. In section 2 we establish the mathematical and physical framework for the neutron star models. Here the STT action is defined in the Einstein frame, and the relation between the Jordan and the Einstein frame is given. We then discuss the axial perturbations and the basic equations for axial QNMs of static neutron stars in STT, presenting the differential equations and boundary conditions. In the following subsections, we explain the set of realistic EOSs employed, and briefly describe the numerical method. We present our results for the scalarized neutron star models as well as for the GR solutions in section 3. Here we also investigate several universal relations involving the (scaled) axial QNMs. In section 4 we represent a summary of our results.
The model
We now provide the theoretical framework for the study. We recall the equations to obtain equilibrium neutron stars in STT, consider axial perturbations in STT, and discuss the various EOS employed as well as the numerical method.
Scalar-tensor theory
In this subsection we address neutron star models in STT. In the Einstein frame the action is given by
where G is the gravitational constant, R is the Ricci scalar with respect to the metric g µν , and Φ is the scalar field. The term S m denotes the action of additional matter fields which are represented by Ψ m . This action in the Einstein frame is obtained from the Jordan frame action by a conformal transformation of the metricg µν = A 2 (ϕ)g µν with a coupling function A(ϕ). Here we have restricted to the case with no scalar potential. In addition, in order to satisfy the weak equivalence principle, we demand that in the physical Jordan frame the scalar field does not couple directly to the additional matter fields. Note, that in the following we set c = G = 1.
By a variation of the action (1) with respect to the fields, we get the coupled set of field equations in the Einstein frame. The Einstein equations read
where R µν is the Ricci tensor, and T µν is the stress-energy tensor of the matter content of the action (1). The scalar field equation is given by
where
is the logarithmic derivative of the coupling function A(ϕ),
For a massless scalar field the coupling constant β is strongly constrained by observations of the binary pulsar PSR J1738+0333 [69] , requiring
We model the neutron stars in the physical Jordan frame as a self-gravitating perfect fluid with stress-energy tensorT µνT µν = (ε +p)ũ µũν +pg µν ,
whereε,p andũ represent the energy density, the pressure and the four-velocity in the Jordan frame, respectively, i.e., T
The following form of the metric is then used to construct the static spherically symmetric neutron star models in the Einstein frame
where the metric functions ν and λ depend only on the radial coordinate r. The coupled set of field equations for the neutron star models then reduces to a system of ordinary differential equations (ODEs). In order to integrate this set of ODEs, an EOS in the formε =ε(p) is needed, which will be addressed in subsection 2.3.
QNMs: general formalism and axial perturbations
The study of GW mode spectra of compact stars is expected to provide crucial information about the internal structure of the stars. Here we focus on the axial modes. These partity-odd modes of the metric do not couple to the fluid, and thus the fluid does not pulsate. In particular, we perturb the static background models constructed in our previous paper [70] . We consider linear non-radial perturbations of the metric Ansatz and the fluid [11] , but allow also for perturbations of the scalar field. The perturbations of the metric and the four-velocity read
where ǫ << 1 is the perturbation parameter. At zeroth order we have the static spherically symmetric solution given by the metric g
µν and the fluid four-velocityũ
µ . At first order in the perturbation parameter ǫ we obtain the perturbation of the metric h µν and the four-velocity δũ µ .
We expand in tensorial spherical harmonics [71] , introducing the multipole numbers l and m. Then the perturbations split into the two separate classes of axial and polar perturbations. Axial perturbations transform as (−1) l+1 under parity transformations, therefore they do not couple to scalar perturbations. Thus they do not perturb the pressure, energy density or scalar field. The latter perturbations would appear only in the polar modes, which are parity-even and transform as ( −1) l . Axial perturbations are described by the metric perturbations
and the four-velocity perturbations δũ
The perturbation functions (h 0 , h 1 ) depend in general on the radial coordinate r, time t and the multipole numbers l and m.
Introducing the axial perturbations (10)- (11) into the field equations, the minimal set of equations describing the perturbation is
Now for simplicity we introduce a new function X via h 1 = re ν−λ X. Then the relevant equation can be expressed in terms of a second order ODE for X =
representing the generalized Regge-Wheeler equation for STT neutron stars, where we have also used
In the limit β = 0, the classical Regge-Wheeler equation for neutron stars in GR is obtained. In the limitp =ε = 0, the equation for axial perturbations of static black holes is recovered. Assuming a harmonic time-dependence, X(r, t) = X(r)e −iωt , the time-independent equation becomes a Schrödinger-type equation,
The eigenfrequency ω is a complex number: ω = ω R + iω I . The real part ω R corresponds to the frequency of the modes, and the imaginary part ω I is the inverse of the damping time τ , ω I = 1/τ . The perturbation should be regular at the center of the star, i.e., the solution should be non-divergent there. Therefore, the Regge-Wheeler function should behave as
in both theories considered, GR and STT.
In general a solution of the (generalized) Regge-Wheeler equation is given by a superposition of an incoming signal X in and an outgoing signal X out ,
Since we would like to find the resonant frequencies and damping times of GWs coming out of the star, we need to choose as boundary condition to have a purely outgoing wave at radial infinity.
In our numerical study we will focus on the l = 2 curvature modes. We note, that the frequency of the modes and the damping times of the QNMs are the same in the physical Jordan frame and in the Einstein frame.
Equation of State
We here employ 13 realistic EOSs, and in addition a polytropic EOS for comparison. The polytropic EOS is given byε
whereρ is the baryonic mass density, and we have chosen the polytropic constant K = 1186.0, and the polytropic index N = 0.7463 for the adiabatic index Γ. The 13 realistic EOSs are obtained from effective models of the nuclear interactions subject to different assumptions. In order to compare the effects of exotic matter in the properties of the configurations, we have studied two EOSs containing only nuclear matter: SLy [72] and APR4 [73] . For EOSs containing nucleons and hyperons we have considered five EOSs: BHZBM [74] , GNH3 [75] , H4 [76] and WCS1, WSC2 [77] . For hybrid matter consisting of quarks and nucleons we have employed three EOSs: ALF2, ALF4 [78] , and WSPHS3 [79] .
We have also employed three new EOSs proposed recently by Paschalidis et al. [80] , who have developed new parameterizations of hybrid quark-hadron EOSs allowing for a third family of stable compact objects. The hybrid stars (HSs) interiors have a single-phase quark core enclosed by a hadronic shell with a first order quark-hadron phase transition at their interface. In particular, we consider three EOSs from two different subsets of [80] . From the subset labled "ACS-I" we choose the EOS with j=0.43 and transition pressurep tr = 1.7 × 10 35 dyn cm −2 at ε tr = 8.34 × 10 14 g cm −3 , and C 2 s = 0.8. From the subset labled "ACS-II" we choose two EOSs with j = 0.8 and j = 1.0 with transition pressurep tr = 8.34 × 10 34 dyn cm −2 atε tr = 6.58 × 10 14 g cm −3 , and C 2 s = 1. Interestingly, it has been claimed in [80] , that GW170817 can constrain the properties of hybrid stars (HSs), and that GW170817 is consistent with the coalescence of a hybrid star-neutron star binary.
All the EOSs considered here are consistent with the observed neutron star mass of about 2M ⊙ of the candidate pulsars PSR J1614-2230 [81] and PSR J0348+0432 [82] . We note, that recent constraints on neutron star masses and radii have been discussed in [83, 84, 85] . Even more, the first steps into constraining the EOS combining GW detection with electromagnetic observations have already been done [86, 87, 88, 89, 90] , showing that with more detections of NS mergers the matter composition of the star could be greatly constrained. 
Numerical Method
By solving the stellar structure equations with appropriate boundary conditions satisfying regularity at the center and asymptotic flatness, we have obtained numerically the configurations of static neutron stars. For the numerical integration we have used the ODE solver package COLSYS [91] . To implement the EOSs in the numerical code, we have used different methods. The analytic relation for the relativistic polytrope has been simplest to implement. For the equations ALF2, ALF4, APR4, GNH3, H4 and SLy we have implemented a piecewise polytropic interpolation, where different regions of the EOS are approximated by specific polytropes [92] . For the tabulated EOSs BHZBM, WCS1, WCS2 and WSPHS3 we have used a piecewise monotonic cubic Hermite interpolation of the data points. However, for the EOSs ACS-I j=0.43, ACS-II j=0.8 and ACS-II j=1.0, which have jumps due to the phase transitions, we have used a linear interpolation of the data points.
Results
We now present our results for axial QNMs of static neutron stars for the 13 realistic EOSs and the polytropic EOS in STT, employing the coupling function A = e 1 2 βϕ 2 with β = −4.5. We note that the GR solutions are included for vanishing scalar field. After recalling the neutron star models, we first show the frequencies and damping times. Then we discuss several universal relations for the modes.
Neutron star models
To set the stage we present the neutron star models for all EOSs by showing the total mass M in solar masses M ⊙ versus the physical radius R s in km in Fig. 1 , where the scalarized models (blue) are compared to the GR models (red). The mass-radius curves show that scalarized neutron star models have typically slightly larger mass in the radius range where the spontaneous scalarization arises.
Note that the mass-radius curves for the hybrid EOSs ACS-I j=0.43, ACS-II j=0.8, and ACS-II j=1.0 exhibit sharp bends at specific points, which arise due to the jumps in the energy density when the phase transitions occur. This feature appears also in the scalarized model with EOSs ACS-I. In the EOSs ACS-II models scalarization arises only after the phase transition.
In our previous analysis of STT neutron star models [70] we confirmed that compactness C = M/R s features prominently in various universal relations [57, 58] , including, in particular, the I-C relations between a scaled moment of inertia I and compactness C [52, 93, 94] . As a new universal feature we found a relation between the scalarization and the gravitational potential at the center of the star. We note that also the EOSs ACS-I and ACS-II employed here do satisfy these universality relations, i.e., the phase transitions of these EOSs do not spoil these universal relations.
QNMs and universal relations
Turning now the discussion to the axial QNMs, we exhibit in Fig. 2(a) and Fig. 2(b) the frequency ω R in kHz and the damping time τ = 1/ω I im µs, respectively, versus the total mass M in solar masses M ⊙ for the fundamental l = 2 mode. For all EOSs considered, the frequencies are found in the range of 6 to 9 kHz. The effect of scalarization is to reduce the frequency as compared to the non-scalarized GR configurations with a similar mass. Also the damping times are slightly decreased in scalarized configurations.
Let us next address universal relations for the neutron star QNMs. We note that universal relations between the scaled frequency and compactness as well as the scaled damping time and compactness have been proposed [59, 60, 61, 62, 63, 64, 65, 66] . These universal relations for GR neutron star models include relations for the f -mode, the polar w-modes and the axial w-modes. These relations can then be exploited to learn about the properties of the neutron stars and their EOS, once the modes have been measured.
In the following we consider three universal relations for the fundamental l = 2 axial mode, starting with the dependence of the frequency and damping time on the compactness. Whereas first parametrizations scaled the frequency with the radius R s and the damping time with the mass M [60, 62] , later ones also considered a scaling of the frequency with the mass [64] . In particular, Tsui and Leung [64] proposed that such a scaling would be appropriate for the f -mode, the polar w-modes and the axial w-modes, demonstrating the validity also for the 1st excited polar and axial w-modes.
In their analysis Tsui and Leung [64] concluded, that the reason for the universality is lying in the mathematical structure of the axial and polar QNM equations, and in the fact that the mass distribution function m(r)/M is a simple polynomial in the radius, characterized only by the compactness. They expressed concern, however, for the case of a discontinuous or rapidly varying EOS.
In Fig. 3(a) and (b) we present the universal relation for the scaled frequency M ω R -compactness C = M/R s and the universal relation for the scaled damping time 10 3 M/τ -compactness C, respectively. The blue symbols indicate the scalarized neutron star models, while the black symbols show the corresponding GR models. Note, that for the GR case we have included only configurations up to the maximum mass. The dotted cyan curves show the best fits according to Eqs. (20)- (21) and table 1, including the scalarized models. The lower panels in the figures exhibit the deviations (in blue for STT and in black for GR) from the fitted values, |1 − F/F fit |, which are always below 10%.
The fits of the frequency and the damping time are performed with polynomials quadratic in the compactness,
The constants a i , b i and c i , i = 1,2, are given in table 1. We note that although the three EOS ACS-I j = 0.43, ACS-II j = 0.8, and ACS-II j = 1.0 have jumps due to their phase transitions, they are perfectly fitting the universal relations. Thus the phase transitions do not destroy the universality. In Figure 4 we show the scaled quantity 10 3 M/τ as a function of M ω R . Although the information in this Figure is the same as in the last two previous plots we have discussed, it is interesting to note that in this case the configurations in the scalar-tensor theory present a qualitative different behaviour than the GR configurations.
It has been shown before [65, 66, 36, 37, 38] that scaling the ω with respect to the central pressure also provides an almost universal relation. Defining the dimensionless quantitiesω R = ω R / √p c andω I = ω I / √p c , we show in Fig. 5 the relation betweenω I andω R . This relation is almost the same for both GR and scalarized neutron star models, meaning the effect of changing the theory is less or equal to the effect of changing the equation of state. The dotted cyan curve shows the best fit according to Eq. (22) and table 1, including the scalarized models. The lower panel shows the deviations from the fit. Here a quadratic relation holds between the imaginary frequency partω I and the real partω R ,ω
The constants a i , b i and c i , i = 3, are given in table 1. Lau et al. [95] observed a universal relation for the f -mode, where the scaled frequency is considered as a quadratic polynomial of the scaled moment of inertia. We here present such a universal relation for the axial modes. In particular, we scale the moment of inertia by the mass and consider the quantity η = M 3 /I (following [70] ).
The results for this universal relation are shown in Fig. 6 (a) and (b) . The dotted cyan curve in Fig. 6 (a) shows the best fit according to Eqs. (23)- (24) and table 1, including the scalarized models. However, we considered only the GR solutions for the best fit in Fig. 6 (b) . The lower panel shows the deviations from the fits.The quadratic relations between the scaled frequency M ω R and scaled damping time M/τ , with respect to the scaled moment of inertia are given by
The constants a i , b i and c i , i = 4, 5, are given in table 1. Thus we have confirmed and extended several universal relations between (scaled) quantities that are known in GR to this wide range of realistic EOSs in the scalarized neutron star models, including EOSs with phase transitions. In fact, the universal relations obtained in STT do not deviate from the GR relations significantly.
Depending on the observational data available, these relations could, for instance, be used to approximately infer the compactness of a star, and once the compactness is known, the approximate mass of the star could be inferred.
Conclusions
In this study, we have computed axial QNMs of static neutron stars in STT. For the matter we have employed besides a polytropic EOS a large number of realistic EOSs, including nuclear, hyperonic and hybrid matter, with three EOSs featuring phase transitions.
We have investigated the fundamental l = 2 curvature mode for the scalarized neutron star models for all these EOSs and compared the results to those of GR. We have found that, in general, the frequency and the damping time of the modes are higher in GR than in STT. Our main concern, however, has been the study of universal relations for these axial QNMs. Here we have confirmed and extended several universal relations known in GR to this wide range of realistic EOSs, considering both non-scalarized and scalarized neutron star models. Interestingly, the universal relations including the scalarized models do not deviate significantly from the respective GR relations. All universal relations are satisfied at a better than 10% level. This holds also for the neutron star models based on an EOS with a phase transition.
In particular, we have studied the universal relations where i) the scaled frequency M ω R and the scaled inverse damping time M/τ are fitted by quadratic polynomials in the compactness C = M/R s , Eqs. (20)- (21), ii) the scaled ω I / √p c is fitted by a quadratic polynomial in the scaled ω R / √p c , Eq. (22), and iii) the scaled frequency M ω R and the scaled inverse damping time M/τ are fitted by quadratic polynomials in η = M 3 /I, involving the scaled moment of inertia I, Eqs. (23)- (24) .
While these universal relations will not allow us to distinguish between GR and scalarized STT neutron stars, since the differences are far too small, the relations can be employed to extract additional information on the properties of neutron stars. For instance, if an axial mode were measured, one could extract from the ratio ω R /ω I between the frequency and the inverse damping time the compactness of the star [64] . Subsequently, when the compactness is known, one could use the universal relations (20)- (21) to read off the mass of the star and infer the radius via the compactness. Together they would yield valuable information on the EOS.
Similarly, from the ratio ω R /ω I one could infer the quantity η = M 3 /I involving the moment of inertia of the star [95] . Subsequently, when η is known, one could use the universal relations (23)- (24) to read off the mass of the star and then determine the moment of inertia of the star.
As future work, we would like to study the polar modes of the neutron star models in STT, including the f -mode, the p-modes, g-modes and w-modes. It would also be interesting to study magnetized stars and rapidly rotating stars. While closer to reality they will, however, be more difficult to investigate.
